The finite element method has become a preeminent simulation technique in electromagnetics. For problems involving anisotropic media and metamaterials, proper algorithms should be developed. It has been proved that discretizing in quadratic triangular elements may lead to an improved accuracy. Here we present a collection of elemental matrices evaluated analytically for quadratic triangular elements. They could be useful for the finite element method in advanced electromagnetics. * Electronic address: ecojocaru@theory.nipne.ro 0 arXiv:0910.3854v1 [math-ph]
I. INTRODUCTION
The finite element method is a numerical technique for obtaining approximate solutions to boundary-value problems of mathematical physics. The method was developed and applied extensively for the analysis of electromagnetic problems [1, 2, 3, 4, 5] .High-order vector finite elements have been developed which make it possible to obtain highly accurate and efficient solutions of vector wave equations [2] . When applied to problems involving anisotropic media and metamaterials, since the most of available commercial packages cannot be applied, proper algorithms should be developed [6] . An improved accuracy results with discretization in quadratic triangular elements [2] . The evaluation of elemental matrices, although is a simple algebra, is rather cumbersome. Here we present a collection of elemental matrices evaluated analytically for quadratic triangular elements.
II. BASIC RELATIONS
We consider an optical medium with an arbitrary cross section Ω in the xy plane. With a time dependence of the form exp(jωt), where ω is the angular frequency, from Maxwell's equations the following vectorial wave function is derived
where k 0 is the free-space wavenumber, [p], [q] are related to the permittivity and permeability tensors, and φ denotes either the electric E or the magnetic H field. Dividing the cross section Ω into quadratic triangular elements, as shown in Fig.1 , we expand the transverse components φ x , φ y and the axial components φ z in each element as [2] 
The area coordinates
The area of the element A e is given by 2A e = 1 1 1
where x k , y k are the Cartesian coordinates of the corner points 1 to 3 of the triangle, and the subscripts k, l, m progress cyclically around the three corners. The coefficients a k , b k , c k are given by
The shape functions [U ] and [V ] are given by [2] [
with |l k | = b 2 m + c 2 m where the subscripts k, l, m progress cyclically around the three corners of the triangle, but l k includes a sign which is defined differently in [2, 5, 7] . When vector shape functions such as those given above are employed to represent a vector field in a finite element solution of vector wave equation, it is necessary to consider evaluation of the associated elemental matrices. These integrals can be evaluated analytically for triangular elements. In case of simple triangular elements, analytical relations for elemental matrices can be found in literature [1] . For quadratic triangular elements the integration is generally more involved. Analytical relations presented in [2] are rather complex. Different forms of elemental matrices could be useful in order to check their correctness when they are implemented in a developed algorithm. In the following we present a collection of elemental matrices for quadratic triangular elements.
III. ELEMENTAL MATRICES EVALUATED FOR QUADRATIC TRIANGULAR ELEMENTS
We used the following integration formula for the area coordinates [3] 
Sometimes, relations becomes simpler if we take into account that
We begin with the most simple elemental matrix, e [N ] [N ] T dxdy, which can be found also in [2, 3, 4] 
Note that Eqs.(11) and (12) are given also in [2, 3, 4] , but here they are simplified by using Eq.(9). 
